Brazilian IMO & IbMO Team Selection Tests 1998

First Test — March 8, 1998
Time: 4.5 hours

1. LetN be a positive integer greater than 2. We number the verticagegular
2n-gon clockwise with the numbersZ,... ,N,—N,—N+1,...,—2,—1. Then
we proceed to mark the vertices in the following way.

In the first step we mark the vertex 1.rfis the vertex marked in thieth step,
in thei + 1-th step we mark the vertex that|ig| vertices away from vertex;,
counting clockwise ifh; is positive and counter-clockwiserif is negative. This
procedure is repeated till we reach a vertex that has alrbedy marked. Let
f(N) be the number of non-marked vertices.

(@) If f(N) =0, prove that R + 1 is a prime number.
(b) Computef(1997).

2. LetSbe a finite set of real numbers with the property that any tvatirttt el-
ements ofS form an arithmetic progression with another element fi@nfrind
such a seB with 5 elements and prove th&tcannot have more than five ele-
ments.

3. LetN be the set of positive integers. Find all functions definedNaand taking
values orN satisfying, for alln € N,

f(n)+ f(n+1) = f(n+2)f(n+3) — 1998

4. LetL be a circle with cente® and tangent to sidesB andAC of a triangleABC
in pointsE andF, respectively. Let the perpendicular frainto BC meetEF at
D. Prove thatA, D andM are collinear, wher# is the midpoint oBC.

5. Considek positive integersy, ap, ...,ax satisfying 1< a; <ay < ---<a<n
and len{a;, a;) < nforanyi, j. Prove that

k<2[vn].

Second Test — May 16, 1998

1. LetABCbe an acute-angled triangle. Construct three semi-cjrebesh having a
different side ofABCas diameter, and outsiddBC. The perpendiculars dropped
from A, B,C to the opposite sides intersect these semi-circles in p&irf, G,
respectively. Prove that the hexagd@BECF can be folded so as to form a
pyramid havingABCas base.
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2. There are > 3 integers around a circle. We know that for each of these rusnb
the ratio between the sum of its two neighbors and the nunsbarpositive
integer. Prove that the sum of theatios is not greater tham3

3. Show that it is possible to color the points@fx Q in two colors in such a way
that any two points having distance 1 have distinct colors.

4. (a) Show that, for each positive integgrthe number of monic polynomials
of degreen with integer coefficients having all its roots on the unittaris
finite.

(b) LetP(x) be a monic polynomial with integer coefficients having alrbots
on the unit circle. Show that there exists a positive inteagesuch that
y™ =1 for each rooy of P(x).

5. Letpbe an odd prime integer aikdh positive integer not divisible by, 1 <k <
2(p+1),andletN = 2kp+ 1. Prove that the following statements are equivalent:

(i) Nisa prime number;

(i) there exists a positive integer 2 < a < n, such thatkP+ 1 is divisible by
N and(a¥+1,N) = 1.
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