Brazilian IMO & IbMO Team Selection Tests 2004

First Test — March 13, 2004

1. Letx,y,zbe positive numbers such thet+y?+ 7% = 1. Prove that

X y z 3V3
> .
1—x2+1—y2+1—22— 2

2. Show that there exist infinitely many pairs of positiveegers(m, n) such that
m\ (m-1
n-1/ \ n J

3. Prove that there exists a familf = {A1,Az,..., A} of melement subsets of a
given set{bs,by, ... by} of n elements such that

(i) |JANAj| <m-—2forallA,Aj € # withi# |, and

o= o)

4. Let| be the incenter of a triangl&BC with /BAC = 60°. A line throughl

parallel toAC intersectsAB at F. Let P be the point on the sidBC such that

3BP = BC. Prove that’BFP = %LABC.

Second Test — April 17, 2004

1. Find the smallest positive integaerthat satisfies the following condition: For
every finite set of points on the plane, if for anypoints from this set there exist
two lines containing all the points, then there exist two lines containing all
points from the set.

2. Let (x+1)P(x—3)4 = x"+a;x" 1 4 .- +a,_1x+ an, wherep,q are positive
integers.
(a) Prove thatify = ap, then Jis a perfect square.
(b) Prove that there exist infinitely many pairs q) for whicha; = ay.

3. Determine the locus of poinks in the plane of a given rhombé#BCDsuch that
MA-MC+MB-MD = AB?.

4. The sequencf.y) is givn byLo =2,L; =1 andLp;1 =La+ Ly g forn> 1.
Prove that if a prime numbey dividesLy — 2 for k € N, thenp also divides
Lokr1—1.
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Third Test — May 15, 2004

1. Letl1,I»,3,4 be distinct circles such that;, '3 are externally tangent &,
andrl ,, I 4 are externally tangent at the same p#InSuppose thdi; andly; 2
andrl3; Mz andl4; 4 andlM; meet atA, B,C, D, respectively, and that all these
points are different fron®. Prove that

AB-BC PB?
AD-DC  PD?

2. Anintegem > 2 is calledamicableif there exist subset&,;, Ay, ..., A, of the set
{1,2,...,n} such that

(i) igA foranyi=1,2,...,n,
(i) i e Ajifandonlyif j ¢ Aj, for anyi # j,
(i) AiNA; #0foranyi,je{1,...,n}.

(a) Prove that 7 is amicable.
(b) Prove thah is amicable if and only ih > 7.

3. SetQ; = {xe Q| x> 1}. Suppose that a functioh: Q; — R satisfies the
inequality| f(x+y) — f(x) — f(y)| < € for all X,y € Q1, wheree > 0 is given.
Prove that there exists a real numbesuch that

‘@—q’ < 2¢ forallxe Q.

4. Letb be an integer greater than 5. For each positive integeonsider the

number
Xn=11...122...25,
————

n-1 n
written in baseéb. Prove that the following condition holds if and onlyhf= 10:
There exists a positive integht such that for every integergreater thaiM, the
numberx, is a perfect square.
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