Brazilian IMO & IbMO Team Selection Tests 2000

First Test — March 25, 2000
Time: 4.5 hours
1. Prove that ifa, b, c are lengths of sides of a triangle and
2(ab? + b + ca?) = a?b + b?c+ c?a+ 3abc
then the triangle is equilateral.

2. For a positive integen, let A, be the set of all positive numbers greater than 1
and less tham which are coprime to. Find alln such that all the elements of
A, are prime numbers.

3. Suppose thakB# AC in a triangleABC, and letBB',CC be its altitudes. LeM
be the midpoint 08C, H the orthocenter cABCandD the intersection point of
linesBC andB'C’. Prove thaDH is perpendicular té\M.

4. For a positive integar, letV (n,b) be the number of decompositionsrinto a
product of one or more positive integers greater thafor example, 36-6-6=
4.9=3-12=3-3-4, so thatv(36,2) = 5. Prove that for all positive integers
n,b it holds that

V(n,b) < g

Second Test — May 20, 2000

1. Letl be the incentre of a triangkeBC andD be the intersection point &l and
the circumcircle ofABC. Let E, F be the feet of perpendiculars franto BD and
CD, respectively. IE +IF = AD/2, determine the angleBAC.

2. Find all functionsf : R — R such that

i) f0)=1;
(i) f(x+f(y)) = f(x+y)+1forall realxy;
(iii) there is a rational non-intege such thatf (xo) is an integer.

3. Consider an equilateral triangle with every side divithgch points inton+ 1
equal parts. We put a marker on every of timedBrision points. We draw lines
parallel to the sides of the triangle through the divisiorng and this way
divide the triangle intgn+ 1)? smaller ones.

Consider the following game: if there is a small trianglehwexactly one vertex
unoccupied, we put a marker on it and simultaneously tak&enafrom the two
its occupied vertices. We repeat this operation as longiapdssible.
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(@) If n=1 (mod 3), prove that we cannot manage that only one marker re-
mains.

(b) Ifn=0o0rn= 2 (mod 3), prove that we can finish the game leaving exactly
one marker on the triangle.

4. Letn,k be positive integers such thats not divisible by 3 and > n. Prove that
there is an integen divisible byn whose sum of digits in base 10 equkls
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