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1. Let D be the midpoint of the shorter arcBC of the circumcircle of an acute-
angled triangleABC. The points symmetric toD with respect toBC and the
circumcenter are denoted byE andF, respectively. LetK be the midpoint of
EA.

(a) Prove that the circle passing through the midpoints of the sides of△ABC
also passes throughK.

(b) The line throughK and the midpoint ofBC is perpendicular toAF .

2. Let p > 2 be a prime number with 3| p−2. Consider the set

S = {y2− x3−1 | x,y ∈ Z, 0≤ x,y ≤ p−1}.

Prove that at mostp−1 elements ofS are divisible byp.

3. Let M,N,P be the orthogonal projections of the centroidG of an acute-angled
triangleABC ontoAB,BC,CA, respectively. Prove that
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4. Let 0≤ x0 ≤ x1 ≤ x2 ≤ ·· · be a sequence of nonnegative integers such that for
everyk ≥ 0 the number of terms of the sequence which do not exceedk is finite,
sayyk. Prove that for all positive integersm,n,
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y j ≥ (n +1)(m+1).

1

The IMO Compendium Group,
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