16-th Balkan Mathematical Olympiad
Ohrid, Macedonia — May 8, 1999

1. Let D be the midpoint of the shorter aRC of the circumcircle of an acute-
angled triangleABC. The points symmetric t® with respect toBC and the
circumcenter are denoted liyandF, respectively. LeK be the midpoint of
EA.

(a) Prove that the circle passing through the midpoints efsides ofAABC
also passes through

(b) The line through and the midpoint oBC is perpendicular té\F.

2. Letp > 2 be a prime number with 3p— 2. Consider the set
S={y*-x—1|xy€Z 0<xy<p—1}.
Prove that at mogh — 1 elements oS are divisible byp.

3. LetM, N, P be the orthogonal projections of the centr@df an acute-angled
triangle ABC onto AB, BC,CA, respectively. Prove that
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4. Let 0< xp < x1 < X < --- be a sequence of nonnegative integers such that for

everyk > 0 the number of terms of the sequence which do not exkéfinite,
sayyk. Prove that for all positive integers, n,

i_ﬁom Jiyj > (n+1)(m1).
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