
22-nd Austrian Mathematical Olympiad 1991

Final Round

Beginner Level – May 7

1. Suppose thata,b, and 3
√

a+ 3
√

b are rational numbers. Prove that3
√

a and 3
√

b are
also rational.

2. Solve in real numbers the equation
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= 0.

3. Find the number of squares in the sequence given bya0 = 91 andan+1 = 10an+
(−1)n for n≥ 0.

4. LetABbe a chord of a circlek of radiusr, with AB= c.

(a) Construct triangleABCwith C on k in which a median fromA or B is of a
given lengthd.

(b) For whichc andd is this triangle unique?

Advanced Level

First Day – June 11

1. Consider a convex solidK in space and two parallel planesε1 andε2 on the
distance 1 tangent toK . A planeε betweenε1 andε2 is on the distanced1 from
ε1. Find all d1 such that the part ofK betweenε1 andε always has a volume
not exceeding half the volume ofK .

2. Find all functionsf : Z\ {0}→ Q satisfying

f

(

x+y
3

)

=
f (x)+ f (y)

2
wheneverx,y,

x+y
3

∈ Z\ {0}.

3. (a) Prove that 91 dividesn37−n for all integersn.

(b) Find the largestk that dividesn37−n for all integersn.

Second Day – June 12

4. The sequence(an) is given bya1 = 1, a2 = 0 and

a2k+1 = ak +ak+1, a2k+2 = 2ak+1 for k∈ N.

Findam for m= 219+91.
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5. For all positive integersn prove the inequality

(

1+(n+1)n+1

n+2

)n−1

>

(

1+nn

n+1

)n

.

6. Find the number of ten-digit natural numbers (which do notstart with zero) con-
taining no block 1991.
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www.imomath.com


