20-th Austrian Mathematical Olympiad 1989
Final Round

Beginner Level
1. Natural numbera < b < ¢ < d satisfya+ b+ c+d = 30. Find the maximum
value of the produd® = abcd.

2. If aandb are nonnegative real numbers with+ b? = 4, show that

ab
- < _
aH—b+2_\/z 1

and determine when equality occurs.

3. Letabe a real number. Prove that if the equatién- ax+a = 0 has two real
rootsx; andxy, thenx? +x3 > 2(xq + xp).

4. Prove that for any triangle each exradius is less thantfimas the circumradius.

Advanced L evel

First Day
1. Consider the se&, of all the 2' numbers of the type 2 \/24+ /24 ..., where
number 2 appears+ 1 times.

(@) Show that all members & are real.
(b) Find the produck, of the elements o%,.

2. Find all triples(a, b, ¢) of integers withabc = 1989 anca+ b— c= 89.

3. Show that it is possible to situate eight parallel plartesgaial distances such
that each plane contains precisely one vertex of a given.cdbe many such
configurations of planes are there?

Second Day

4. We are given a circle and nonparallel tangents,t, at pointsP;, P> onk, re-
spectively. Lines; andt, meet atAg. For a pointP; on the smaller ar@, P, the
tangents to k at P; meetd; at A; andt, andA,. How mustP; be chosen so that
the triangleApA; A2 has maximum area?

5. Find all real solutions of the system

X4+2yz = X,

Y +2x =y,

Z+2xy = z
1
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6. Determine all functions : Ng — Ny such thatf (f(n)) + f(n) = 2n+ 6 for all
n € Np.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



