
40-th Austrian Mathematical Olympiad 2009
Final Round

Part 1 – May 22

1. Show that for all positive integern the following inequality holds:

3n2
> (n!)4

.

2. For a positive integersn,k we definek-multifactorial ofn asFk(n) = n · (n− k) ·
(n−2k) · · · r, wherer is the reminder whenn is divided byk that satisfy 1≤ r ≤ k.
Determine all non-negative integersn such thatF20(n)+2009 is a perfect square.

3. There aren bus stops placed around the circular lake. Each bus stop is connected
by a road to the two adjacent stops (we call asegment the entire road between
two stops). Determine the number of bus routes that start andend in the fixed
bus stopA, pass through each bus stop at least once and travel through exactly
n +1 segments.

4. Let D, E, andF be respectively the midpoints of the sidesBC, CA, andAB of
△ABC. Let Ha, Hb, Hc be the feet of perpendiculars fromA, B, C to the opposite
sides, respectively. LetP, Q, R be the midpoints of theHbHc, HcHa, andHaHb

respectively. Prove thatPD, QE, andRF are concurrent.

Part 2 – June 10–June 11

First Day

1. If x,y,k,m ∈ N let us define:

αm = 22···
2

︸︷︷︸

m

, Akm(x) = 22···
2xαm

︸ ︷︷ ︸

k twos

, Bk(y) = 444···
4y

︸ ︷︷ ︸

m fours

.

Determine all pairs(x,y) of non-negative integers, dependent onk > 0, such that
Akk(x) = Bk(y).

2. (a) For positive integersa < b let

M(a,b) =
∑b

k=a

√
k2 +3k +3

b−a + a
.

Calculate[M(a,b)].

(b) Calculate

N(a,b) =
∑b

k=a

[√
k2 +3k +3

]

b−a +1
.
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3. LetP be the point in the interior of△ABC. Let D be the intersection of the lines

AP andBC and letA′ be the point such that
−→
AD =

−→
DA′. The pointsB′ andC′ are

defined in the similar way. Determine all pointsP for which the trianglesA′BC,
AB′C, andABC′ are congruent to△ABC.

Second Day

4. Let a be a positive integer. Consider the sequence(an) defined asa0 = a and
an = an−1 + 40n! for n > 0. Prove that the sequence(an) has infinitely many
numbers divisible by 2009.

5. Letn > 1 and for 1≤ k ≤ n let pk = pk(a1,a2, . . . ,an) be the sum of the products
of all possible combinations ofk of the numbersa1, a2, . . . , an. Furthermore let
P = P(a1,a2, . . . ,an) be the sum of allpk with odd values ofk less than or equal
to n.

How many different values are taken bya j if all the numbersa j (1≤ j ≤ n) and
P are prime?

6. The quadrilateralPQRS whose vertices are the midpoints of the sidesAB, BC,
CD, DA, respectively of a quadrilateralABCD is called themidpoint quadrilat-
eral of ABCD.

Determine all circumscribed quadrilaterals whose mid-point quadrilaterals are
squares.
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