2.

39-th Austrian Mathematical Olympiad 2008
Final Round

Part 1 — May 22

. What is the remainder of the number

200 200 200
1.< 08>+2.< 1 8>+---+2009. <2002)

when divided by 20087

. Givena € R and an integen > 4 determine alh-tuples(x, . ..,X,) of positive
real numbers that satisfy the following system of equations
X1X2(3a— 2X3) = a3
XoX3(3a—2x) = a
Xn72anl(3a_ 2Xn) = a3
Xn_1%n(3a—2x;) = a°
XX1(3a—2x) = a.

. Letp > 1 be a natural number. Consider theBgof all non-consant sequences

of non-negative integers that satisfy the recursive mtedi,1 = (p+ 1)an —
pa, 1 foralln> 0.

Show that there exists a sequerfeg) in F, with the property that for every
other sequenciy) in Fp, the inequalitya, < by holds for alln.

. In a triangleABC let E be the midpoint of the sid&C andF the midpoint of the

sideBC. LetG be the foot of the perpendicular frothto AB. Show thatAEFG
is isosceles if and only iNABC is isosceles.

Part 2 — June 5-June 6
First Day

. Show that for positive real numbexs, c that satisfya+ b+ c= 1 the following

inequality holds:

\/ alfablfbclfc <

Wl

(a) Does there exist a polynom#(x) with integer coefficients such that for
each positive integet that divides 2008 one had) = 25%?
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(b) For which positive integens do there exist polynomid?(x) with integer
coefficients such that for each positive integethat dividesn one has
P(d)=3?

3. Assume that the poinf3, Q, R, Slie on a linel in this order. Construct all
squareABCD that satisfy:P € AD, Q € BC, R< AB, S CD (hereXY denotes
the line determined by the pointsandY).

Second Day

4. Determine all function$ : N — NU {0} that satisfy:
(i) f(n-m)=f(n)+ f(m)forallnmeN;
(i) (2008 =0;
(iii) f(n) =0 wheneven = 39 (mod 2008).

5. Determine all positive integers that do not appear in digience:
(n+[Vi] + [ sy -

6. Determine all point® in the plane of the squaBCD different from the ver-
tices and the center of the square for which the RiXeintersects the linédC at
some poinE; the linePC intersects the lin®B at some poinE, andEF ||AD.
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