33-rd Austrian Mathematical Olympiad 2002
Final Round

Part 1 — May 28

1. Determine all integera andb such that
(19a+b)'8+ (a+b)'8+ (a+ 190)'8
is a perfect square.

2. Find the greatest real numbi@isuch that, for all real numbexsandy # x with
xy = 2 it holds that

(+y)? - 6)(x-y)°+8) _
(x—y)? -

When does equality occur?

9X
)
between 0 and 2002 which are coprime to 2002.

3. Let f(x) Compute% f (%02) wherek goes over all integerk

4. Let A,C,P be three distinct points in the plane. Construct all pal@ieams
ABCD such that poinP lies on the bisector of angl@AB and Z/APD = 90°.

Part 2 — June 5-6
First Day

1. Consider all possible rectangles that can be drawn or 8 8hessboard, cover-
ing only whole cells. Calculate the sum of their areas.

What formula is obtained if “& 8” is replaced with a x b”, wherea,b are
positive integers?

2. Letb be a natural number. Find all 2002uples(as,ay, ..., a2002), Of natural

numbers such that
2002

Y &)’ =2002".
=1

3. LetABCD andAEFG be two similar cyclic quadrilaterals (with the vertices de-
noted counterclockwise). Their circumcircles intersegdia at pointP. Prove
thatP lies on lineBE.

Second Day
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4. Find all polynomialsP(x) of the smallest possible degree with the following
properties:
(i) The leading coefficientis 200;
(i) The coefficient at the smallest non-vanishing power;is 2
(iif) The sum of all the coefficients is 4;
(iv) P(-1)=0,P(2)=6,P(3) =8.

5. Inthe net drawn below, in how many ways can one reach the Boi- 1 starting
from the point 1350 that th%labels of E)he points (ig the wayease?

1

6. LetH be the orthocenter of an acute-angled tria®®€. Show that the triangles
ABH,BCH andCAH have the same perimeter if and only if the triangRBC is

equilateral.
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