21-st Austrian—Polish Mathematical Competition 1998

Przysiek, Poland

Individual Competition — June 29-30

First Day

1. Letxy,%p,Y1,Y2 be real numbers such thet+ x5 < 1. Prove the inequality
(xay1+Xo¥2 — 1) > 0§ +X6 — 1) (Yi+ Y5 — 1)

2. Considem pointsPy,P,,..., P, lying in this order on a line. Each of these
points is to be colored using one of the following colors: t&hied, green, blue,
and violet. A coloring is calledddmissible if for any two consecutive points
RP,R.1 (i=12,...,n—1) either both are of the same color or at least one of
them is white. How many admissible colorings are there?

3. Find all pairs of real numbe(s,y) satisfying the system of equations

2-x3=y, 2-y*=x

Second Day

4. For positive integersy, n, denote

Prove thaSy(n) < n-+m (\4/2_”‘— 1) .
5. Determine all pair¢a, b) of positive integers for which the equation
X — 17 +ax—b?=0
has three integer roots (not necessarily different).

6. Different pointsA,B,C,D,E,F lie on circlek in this order. The tangets toin
the pointsA andD and the line8F andCE have a common poirR. Prove that
the linesAD, BC andEF also have a common point or are parallel.
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Team competition — July 1

7. Consider all pairga, b) of natural numbers such that the proda® written
in decimal system ends with exactly 98 zeros. Find the (@al) for which the
productab is the smallest.

8. In each unit square of an infinite square grid a natural rermswritten. The
polygons of arean with sides going along the gridlines are calladmissible,
wheren > 2 is a given natural number. Thalue of an admissible polygon is
defined as the sum of the numbers inside it. Prove that if theesaf any two
congruent admissible polygons are equal, then all the niswingéten in the unit
squares of the grid are equal. (We recall that a symmetrigénad polygons?
is congruent ta#.)

9. Given a triangléABC, pointsK,L,M are the midpoints of the sid&C,CA AB,
and pointX,Y, Z are the midpoints of the ar&C, CA, AB of the circumcircle not
containingA, B,C respectively. IfR denotes the circumradius andhe inradius
of the triangle, show that+ KX +LY +MZ = 2R.
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