20-th Austrian—Polish Mathematical Competition 1997

Austria

Individual Competition — June 25-26

First Day

1. Linesl; andl; intersect at poinP. CirclesS; andS; are tangent td; atP, and
circlesT; andT; are tangent téy atP. Circle S; meetsT; at pointsA, P andT, at
B, P, while circleS, meetsT, atC,P andT; atD,P. Show that the points,B,C
andD are concyclic if and only if the linelg andl, are perpendicular.

2. Each square of amx mboard is assigned a pair of coordinatesy) with 1 <
x<mand 1<y <n. Let pandq be positive integers. A pawn can be moved
from the squaréx,y) to (X,y) if and only if [x— X| = pand|y—y/| = g. There
is a pawn on each square. We want to move each pawn at the saensatithat
no two pawns are moved onto the same square. In how many wayhisebe
done?

3. The 97 numbers 4&, k= 1,2,...,97 are written on the blackboard. In each
step two numbers. and b from the blackboard are selected and replaced by
2ab—a—b+ 1. After 96 steps only one number remains. Find all possible
values of this number.

Second Day

4. In a trapezoidABCD with AB || CD, the diagonal#\C andBD intersect at point
E. Let F andG be the orthocenters of the triangleBC andEAD. Prove that
the midpoint ofGF lies on the perpendicular frofa to AB.

5. Let p1, p2, P3, P4 be four distinct primes. Prove that there is no polynomial
Q(x) = ax® + bx? + cx+ d with integer coefficients such that

1Q(P1)| = [Q(P2)| = |Q(ps)| = [Q(pa)| = 3.

6. Prove that there is no functidn: Z — Z such thatf (x+ f(y)) = f(x) —y for all
integersx, y.

Team competition — June 27

7. (a) Prove that for any real numbeusy, p°+0°+1> p(q+1).

(b) Determine the largest real constarstuch that the inequalitg? + g% +1 >
bp(gq+ 1) holds for all real numberp, g.
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(c) Determine the largest real constarsuch that the inequalitg® + ¢? + 1 >
cp(q+ 1) holds for all integer, q.

8. LetM be am-element set. Find the greatest positive intégaith the following
property: There exists kelement familyK consisting of 3-element subsets of
M, such that every two sets frokhhave a nonempty intersection.

9. Given a parallelepipe®, letVp be its volume S the area of its surface arigh
the sum of the lengths of its edges. For a real numbebd let B be the solid
consisting of all pointX whose distance from some point®fs at most. Prove

that the volume of the solig is given by the formula

m 4
V(R) =vp+s=t+ZLpt2+?t3.

The IMO Compendium Group,
D. Djuki¢, V. Jankove, |. Matic, N. Petrovt

www.imomath.com

www.imomath.com



