17-th Austrian—Polish Mathematical Competition 1994

Pogorzel Warszawska, Poland

Individual Competition — June 29-30

First Day

1. Afunctionf : R — R satisfies the conditions
f(x+19) < f(x)+19 and f(x+94)> f(x)+94 forallxeR.
Prove thatf (x+ 1) = f(x) + 1 for allx € R.
2. The sequencés,) andc, are given byay = % Co =4, and fom >0

an1 Cni1=Ch—2Cn+2.

_ _“4an
1+a3’
2CoC1 -+ Cn1
Cn '

3. A rectangular building consists of 30 square rooms stlidike the cells of a
2 x 15 board. In each room there are three doors, each of whidk teaanother
room (not necessarily different). How many ways are thedidtibute the doors
between the rooms so that it is possible to get from any rooanyoother one
without leaving the building?

Prove that foralh> 1, a, =

Second Day

4. The vertices of a regular+ 1-gon are denoted big, Py,. .., P, in some order
(n > 2). Each side of the polygon is assigned a natural numbeitlag/f if the
endpoints of the side af andPj, then the assigned number equials j|. Let
Sbe the sum of alh+ 1 assigned numbers.

(a) Givenn, what is the smallest possible valueS¥

(b) If Ry is fixed, how many different assignments are there for wiiattains
the smallest value?

5. Find all integral solutions of the equation

}(x+y)(y+ 2)(z4+X) 4+ (x+y+2°=1-xyz

2
6. Letn> 1 be an odd positive integer. Assume that positive integers, ..., X, >
0 satisfy
(2—x1)2+20x+x)+1 = n?
(a—X%)2+20x3+%)+1 = n?

(X1 — %)%+ 2(x1 +%n) + 1

Il
5
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Show that there existg 1 < j < n, such thakj = xj;1. Herex, 1 = x;.
Team competition — July 1
7. Determine all two-digit positive integens= ab (in the decimal system) with the

property that for all integersthe difference@ — x? is divisible byn.

8. Given real number, b, find all functionsf : R — R satisfying

f(x,y) =af(x,2) +bf(y,z) forallx,y,ze R.

9. On the plane are given four distinct poiitsB,C,D on a lineg in this order, at
the mutual distance&B = a, BC=b,CD =c.

(a) Construct (if possible) a poiRtoutside lineg such thatAPB = /BPC =
/CPD.

(b) Prove that such a poiRtexists if and only if(a+ b)(b+c) < 4ac.
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