
16-th Austrian–Polish Mathematical Competition 1993

Graz, Austria

Individual Competition – June 30–July 1

First Day

1. Solve in positive integersx,y the equation 2x −3y = 7.

2. Consider all tetrahedraABCD in which the sum of the areas of the facesABD,
ACD, BCD does not exceed 1. Among such tetrahedra, find those with the max-
imum volume.

3. Define f (n) = n + 1 if n = pk > 1 is a power of a prime number, andf (n) =

pk1
1 + · · ·+ pkr

r for natural numbersn = pk1
1 · · · pkr

r (r > 1, ki > 0). Givenm > 1,
we construct the sequencea0 = m, a j+1 = f (a j) for j ≥ 0 and denote byg(m)
the smallest term in this sequence. For eachm > 1, determineg(m).

Second Day

4. The Fibonacci sequence is defined byF0 = F1 = 1 andFn+2 = Fn+1 + Fn for
n ≥ 0. Positive integersA andB are such thatB93 is divisible byA19 andA93 is
divisible byB19. Prove that for all integersn ≥ 1, (A4 + B8)Fn+1 is divisible by
(AB)Fn .

5. Solve in real numbers the system






x3 + y = 3x +4
2y3 + z = 6y +6
3z3 + x = 9z+8.

6. If a,b ≥ 0 are real numbers, prove the inequality
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For each of the inequalities, find the cases of equality.
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Team competition – July 2

7. The sequence(an) is defined bya0 = 0 andan+1 = [ 3
√

an + n]
3 for n ≥ 0.

(a) Findan in terms ofn.

(b) Find alln for whichan = n.

8. Determine all real polynomialsP(z) for which there exists a unique real polyno-
mial Q(x) satisfying the conditions

Q(0) = 0, x + Q(y + P(x)) = y + Q(x + P(y)) for all x,y ∈ R.

9. PointP is taken on the extension of sideAB of an equilateral triangleABC so
that A is betweenB andP. Denote bya the side length of triangleABC, by r1

the inradius of trianglePAC, and byr2 the exradius of trianglePBC oppositeP.
Find the sumr1 + r2 as a function ina.
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