16-th Austrian—Polish Mathematical Competition 1993

Graz, Austria

Individual Competition — June 30-July 1
First Day

1. Solve in positive integersy the equation2— 3 = 7.

2. Consider all tetrahedraBCD in which the sum of the areas of the fad&BD,
ACD, BCD does not exceed 1. Among such tetrahedra, find those with élxe m
imum volume.

3. Definef(n) =n+1if n=pX > 1is a power of a prime number, arfdn) =
p'{l +---4 pl for natural numbera = p'{l--- K (r > 1,k > 0). Givenm> 1,
we construct the sequenag=m, a; 1 = f(a;) for j > 0 and denote bg(m)
the smallest term in this sequence. For each 1, determiney(m).

Second Day

4. The Fibonacci sequence is definedy=F; = 1 andFy 2 = Fy 11+ Fy for
n> 0. Positive integeré andB are such thaB% is divisible byAl® and A% is
divisible by B, Prove that for all integers > 1, (A* 4 B®)Fn+1 is divisible by
(AB)M,

5. Solve in real numbers the system

Xty = 3x+4
¥4z = 6y+6
32 +x = 9z+8.

6. If a,b > 0 are real numbers, prove the inequality

<\/5+\/5>2 _atVa?hi Vab? +b
2 - 4

3
_a+Vab+b _ <\3/¥+W>
= 3 = 2 ‘

For each of the inequalities, find the cases of equality.

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



Team competition — July 2

7. The sequenc@y) is defined byag = 0 andan; 1 = [¥a, + n]° forn > 0.

(a) Finda, in terms ofn.
(b) Find alln for whicha, = n.

8. Determine all real polynomiaf(z) for which there exists a unique real polyno-
mial Q(x) satisfying the conditions

Q(0)=0, x+Q(y+P(x))=y+Q(x+P(y)) forallxyecR.

9. PointP is taken on the extension of sidd of an equilateral triangl&BC so
thatA is betweerB andP. Denote bya the side length of triangl&BC, by r;
the inradius of triangl€AC, and byr, the exradius of triangl®BC oppositeP.
Find the sunty +r, as a function ira.
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