10-th Austrian—Polish Mathematical Competition 1987

Austria

Individual Competition

First Day

1. Three pairwise orthogonal chords of a sphetare drawn through a given point
P inside.. Prove that the sum of the squares of their lengths does peinde
on their directions.

2. Letn be the square of an integer whose each prime divisor has ameweber
of decimal digits. ConsideP(x) = x" —1987%. Show that ifx,y are rational
numbers withP(x) = P(y), thenx =Y.

3. Afunctionf : R — R satisfiesf (x+ 1) = f(x) + 1 for all x. Givena € R, define
the sequenceéx,) recursively byxg = a andx,.1 = f(xn) for n> 0. Suppose
that, for some positive integenm, the differencex, — xo = k is an integer. Prove

C X . .
that the |Im|tn|lm F" exists and determine its value.

Second Day

4. Isthere a 2000-element subAeif {1,2,...,3000} with the property that2¢ A
whenevex € A?

5. The Euclidian three-dimensional space has been padii;to three nonempty
setsAp, A2, As. Show that one of these sets contains, for eachO0, a pair of
points at mutual distana

6. LetC be a unit circle anch > 1 be a fixed integer. For any satof n points
Pi,...,P,onC define
D(A) = mdaxmin6(F>|,d),
|

whered goes over all diameters €@fandd(P,1) denotes the distance from point
P to linel. Let.%, be the family of all such set&. DetermineDy, = Amin D(A)
€In

and describe all seswith D(A) = Dp.
Team competition

7. For any natural number=ay. - azag (ax # 0) in decimal system write

p(n)=ap-ay &, sh)=ao+ar+-+a N =3apa. . a.

Consider® = {n| n=n*, %p(n) = s(n) — 1} and letQ be the set of numbers in
P with all digits greater than 1.
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(a) Show thaP is infinite.
(b) Show thaQ is finite.
(c) Write down all the elements @J.
8. A circle of perimeter 1 has been dissected into four equealBy, By, Bz, Bs. A
closed smooth non-selfintersecting cuévéas been composed of translates of

these arcs (ead® possibly occurring several times). Prove that the length of
is an integer.

9. LetM be the set of all point&, y) in the cartesian plane, with integer coordinates
satisfying 1< x <12 and 1<y <13.

(a) Prove that every 49-element subseMbfontains four vertices of a rectan-
gle with sides parallel to the coordinate axes.
(b) Give an example of a 48-element subsetlofvithout this property.
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