8-th Austrian—Polish Mathematical Competition 1985

Hollabrunn, Austria

Individual Competition — June 25-26

First Day

1. Prove that ifa, b, c are distinct nonzero numbers wight- b+ c= 0, then

b—c+c—a+a—b a n b n [ 9
a b C b—c c—a a-b/ 7

2. There aren personsP;,P,,..., R, at a party. Assume thd@y,P,...,P, g know
45, ...,n— 3 persons, respectively, th& s5,P, 4,P,_3 know n— 2 persons
each, and thal®,_,,P,_1,P, known—1 persons each. ("Knowing” is a sym-
metric relation, and noone is assumed to know himself/iférgeénd all n > 8
for which this is possible.

3. Prove that in a convex quadrilateral of area 1 the sum olietingths of all sides
and diagonals is not less thar4/8.

Second Day

4. Find all real solution$x,y) of the system of equations

X4+y2—Xy3—9X:07
Yt +x2—yx®— gy=0.

5. We are given a set of weights consisting of several idehticoups of four
weights of different (positive) integer masses. Using ¢hwsights we are able
to weigh every integer mass not exceeding 1985. In how maryg wan one
compose such a set with the smallest possible total mass?

6. For a pointP inside a tetrahedroABCD, pointsSa, S, S, Sp denote the cen-
troids of the tetrahedrBBCD, PCDA, PDAB, PABC, respectively. Show that the
volume of the tetrahadrdb\ S SH equalsﬁ—l4 the volume ofABCD.

Team competition — June 27

7. 1f X1,X%2,X3, %4 a@re real numbers, not all zero, find an upper bound for

X1X2 4 2XoX3 + X3X4
2 w2 w2 w2
XX +X5+%5

The smaller bound, the better the solution.
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8. A convexn-gonApA; ... A, 1 has been partitioned into— 2 triangles by nonin-
tersecting diagonals. Show that these triangles can biddhe;, Ao, ..., Ap 2
in such a way tha#y is a vertex ofA; for all i, and find the number of such
labellings.

9. Given a convex polygon, prove that there exists a gQimside the polygon and
three verticed\;, A, Az such that each rasQ (i = 1,2,3) makes acute angles
with the two sides emanating frof.
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