4-th Austrian—Polish Mathematical Competition 1981

??7?, 7?77

Individual Competition — June ?7?

First Day

1. Find the least integdr> 16 for which the se{16,17,...,k} contains 15 distinct
integershy, by, ..., bis such thaby, is divisible bymfor 1 <m < 15.

2. The sequencay,as,ay, ... is defined byan 1 = aﬁ+ (an— 1)2 forn> 0. Find
all rational numbersg for which there exist four distinct indicdsm, p, q such

thatag — ap = am — a.

3. InatriangleABC, r is the inradiusy A the radius of the circle touching segments
AB, AC and the incircle ofAABC, andrg andrc are defined analogously. Prove
that

fa+rg+rc>r,

equality holding if and only ifAABC is equilateral.
Second Day

4. Letn > 3 cells be arranged into a circle. Each cell can be occupie@ dny1.
The following operation is admissible: Choose a any €eticcupied by a 1,
change it into a 0 and simultaneously reverse the entri¢mitvto cells adjacent
to C (so thatx,y become 1- x,1 —). Initially, there is a 1 in one cell and zeros
elsewhere. For which values ofis it possible to obtain zeros in all cells in a
finite number of admissible steps?

5. LetP(x) = x*+ayx® + axx? + agx+ a4 be a polynomial with rational coefficients.
Show that ifP(x) has exactly one real rodt, thené is a rational number.

6. The sequences,), (Yn), (z1) are given by

X *y+1 Y, *Zn+1 Zn *x—l—l forn>0
n+1 = Yn Xn’ n+1 = yna +1 = 2n Z Z Y

wherexg, Yo, Zp are given positive numbers. Prove that these sequencesare u
bounded.

Team competition— June ?7?

7. Leta> 3 be an odd integer. Show that for every positive integtte number
a?" — 1 has at leagt + 1 distinct prime divisors.
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8. The plane has been partitioned iNNgegions by three bunches of parallel lines.
What is the least number of lines needed in orderthat19817?

9. For a functionf : [0,1] — [0,1] we definef! = f and f"*1(x) = f(f"(x)) for
0 < x< 1andne N. Given that there is an such that

[f7(x) — f"(y)| < [x—y| forall distinctx,y € [0, 1],

prove that there is a unique € [0, 1] such thatf (xg) = Xo.
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