
24-th Austrian–Polish Mathematical Competition 2001

St. Georgen im Attergau, Austria

Individual Competition

First Day

1. Determine the number of positive integersa for which there exist nonnegative
integersx0,x1, . . . ,x2001 such thatax0 = ax1 + · · ·+ ax2001.

2. Given an integern > 2, solve in nonnegative real numbers the system

xk + xk+1 = x2
k+2, k = 1,2, . . . ,n,

wherexn+i = xi.

3. If a,b,c are side lengths of a triangle, prove the inequality

2 <
a + b

c
+

b + c
a

+
c + a

b
− a3 + b3+ c3

abc
≤ 3.

Second Day

4. Prove that ifa,b,c,d are lengths of the successive sides of a quadrilateral (not
necessarily convex) andS its area, thenS ≤ 1

2(ac + bd). When does equality
hold?

5. The fields of an 8×8 chessboard are numbered from 1 to 64 in such a way that
for eachi = 1,2, . . . ,63 the fieldi+1 can be reached from the fieldi by a move
of a knight. Letx1,x2, . . . ,x64 be positive numbers. Define

yi = 1+ x2
i − 3

√

x2
i−1xi+1 if field i is white and

yi = 1+ x2
i − 3

√

xi−1x2
i+1 if field i is black,

wherex64+i = xi. Prove that∑64
i=1yi ≥ 48.

6. Letk be a fixed positive integer. Consider the sequence defined bya0 = 1 and

an+1 = an +[ k
√

an] , n = 0,1, . . .

For eachk find the setAk of all integer values of the sequencek
√

an, n ≥ 0.
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Team competition

7. Consider the setA of all positive integer containing no zero (decimal) digit and
which are divisible by their sum of digits.

(a) Prove thatA contains infinitely many numbers whose decimal expansion
contains each of its digits the same number of times.

(b) Show that for eachk ∈ N there is ak-digit number inA.

8. A prism with the regular octagonal base and all edges of thelength 1 is given.
Let M1,M2, . . . ,M10 be the centers of the faces of the prism. For a pointP inside
the prism denote byPi the second intersection point of linePMi with the surface
of the prism. Assume that the interior of each face contains exactly one of the
pointsPi. Prove that

10

∑
i=1

MiP
MiPi

= 5.

9. Consider a 2n-element setA, wheren > 10 is an integer. A family of subsets
{Ai | i = 1,2, . . . ,m} is calledsuitable if

(i) for eachi the setAi contains exactlyn elements, and

(ii) for all distinct i, j,k the setAi ∩A j ∩Ak contains at most one element.

For eachn determine the maximum size of a suitable family.

10. The sequencea1,a2, . . . ,a2010 has the following properties:

(i) The sum of any 20 consecutive terms is nonnegative;

(ii) |aiai+1| ≤ 1 for i = 1,2, . . . ,2009.

Determine the maximum possible value of the suma1 + a2+ · · ·+ a2010.
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