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1. A positive integern is given. Find the largest nonnegative real numberf (n)
with the following property: Whenevera1,a2, . . . ,an are real numbers such that
a1 + a2+ · · ·+ an is an integer, there exists an indexi for which |ai − 1

2| ≥ f (n).

2. Prove that every positive integer can be written as a finitesum of distinct integral

powersτ i (i ∈ Z) of the golden meanτ = 1+
√

5
2 .

3. Let p ≥ 5 be a prime number and letr be the number of ways of placingp
identical checkers on ap× p checkerboard so that not all checkers are in the
same row (but they may be in the same column). Show thatr is divisible byp5.

4. LetP be the midpoint of a chordAB of a given circleO. CircleO1 is tangent to
the lineAB at P and tangent toO. A line l throughA, different from the lineAB,
touchesO1 and intersectsO again atC. Let Q be the midpoint of the segment
BC andO2 be the circle tangent toBC atQ and tangent to the segmentAC. Prove
that the circleO2 is tangent toO.

5. In a circus, there aren clowns who dress and paint themselves up using a se-
lection of 12 distinct colors. Each clown is required to use at least five different
colors. One day, the ringmaster of the circus orders that no two clowns have
exactly the same set of colors and no more than 20 clowns may use any one par-
ticular color. Find the largest numbern of clowns so as to make the ringmaster’s
order possible.
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